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I. EQUIVALENCE BETWEEN CONTROLLED DIFFUSIONS AND PATH REWEIGHTING

We consider a stochastic system whose dynamics is governed by the SDE

dXt = f(Xt, t)dt+ σdWt, (S.1)

with initial condition X0 = x0. In Eq. (S.1) the drift f(·, ·) : Rd × R+ → Rd is a smooth nonlinear function representing
the deterministic part of the driving forces, while W stands for a d–dimensional vector of independent Wiener processes acting
as white noise sources, modelling the contributions from unaccounted degrees of freedom, thermal fluctuations, or external
perturbations. We denote the noise strength by σ ∈ R.

We are interested in introducing path and terminal constraints into the system, which we denote by U(x, t) and χ(XT ).
Therefore we define the constrained process by a reweighting of the paths induced by the unconstrained process of Eq. (S.1).The
Radon-Nykodym derivative of the constrained path measure Q∗ with respect to the unconstrained one Pf is

L =
dQ∗

dPf
(X0:T ) =

χ(XT )

Z
exp

[
−
∫ T

0

U(Xt, t)dt

]
. (S.2)
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In Eq. (S.2) Z denotes the partition function that renders Q∗ properly normalised i.e.
∫
dQ∗ = 1, and is given by

Z =

〈
χ(XT ) exp

(
−
∫ T

0

U(Xt, t)dt

)〉
Pf

. (S.3)

Eq. (S.2) implies that path probabilities with respect to Q∗ are obtained by those of Pf by a reweighting with the factor on the
right and side of Eq. (S.2).

We show that we can eliminate the constraints by introducing a new process with drift

g(x, t) = f(x, t) + σ2∇xJ (x, t), (S.4)

and same diffusion, i.e.

dXt = g(Xt, t)dt+ σdWt, (S.5)

that induces the path measure Pg .
In Eq. (S.4), J (·) denotes the solution to the Hamilton–Jacobi–Bellman partial differential equation

1

2
∥∇xJ (x, t)∥2σ2 + L†

fJ (x, t) +
∂J (x, t)

∂t
= U(x, t)J (x, t) with J (x, T ) = lnχ(x). (S.6)

Here the square norm is defined with respect to the diffusion as ∥A∥2σ2

.
= A⊤ · σ2A , while we have also introduced the adjoint

Fokker–Planck operator

L†
fJ (x, t) = f(x, t) · ∇xJ (x, t) +

1

2
σ2∇2

xxJ (x, t). (S.7)

We will show that the path measures Q∗ and Pg induced by the constrained process and by the process of Eq. (S.5) respectively
are the same. The proof follows from Girsanov’s change of measure theorem [89] for the two path measures. This yields

dQ∗

dPg
(X0:T ) =

dQ∗

dPf
dPf
dPg

(X0:T ) =
χ(XT )

Z
exp

(
− J (XT , T ) + J (X0, 0)

)
(S.8)

× exp

(∫ T

0

(
−U(Xt, t) +

1

2
∥∇xJ (Xt, t)∥2σ2 + L†

fJ (Xt, t) +
∂J (Xt, t)

∂t

)
dt

)
.

In Eq. (S.8) we have used that for the likelihood ratio of Pg with respect to Pf we have

− ln
dPg
dPf

(X0:T ) =
1

2

∫ T

0

(
∥g(Xt, t)∥2σ−2 − ∥f(Xt, t)∥2σ−2

)
dt−

∫ T

0

(
g(Xt, t)− f(Xt, t)

)⊤
σ−2dXt (S.9)

=
1

2

∫ T

0

(
∥∇xJ (Xt, t)∥2σ2 + 2f(Xt, t) · ∇xJ (Xt, t)

)
dt−

∫ T

0

∇xJ (Xt, t) · dXt. (S.10)

To eliminate the stochastic integral ∇xJ (Xt, t) · dXt in Eq.(S.10) we use Ito’s lemma

dJ (Xt, t) =
∂J (Xt, t)

∂t
dt+∇xJ (Xt, t) · dXt +

1

2
σ2∇2

xxJ (Xt, t)dt (S.11)

to obtain

− ln
dPg
dPf

(X0:T ) =

∫ T

0

{
1

2
∥∇xJ (Xt, t)∥2σ2 + L†

fJ (Xt, t) +
∂J (Xt, t)

∂t

}
dt− J (XT , T ) + J (X0, 0) (S.12)

=

∫ T

0

U(Xt, t)dt− lnχ(XT ) + J (X0, 0). (S.13)

In the last equality we have inserted the Hamilton-Jacobi-Bellman equation (Eq.(S.6)) and its terminal condition at time T to
arrive at the term

∫ T
0
U(Xt, t)dt − lnχ(XT ) . Comparing Eq. (S.13) with Eq. (S.8), to show the two path measures are the

same, i.e.

dQ∗

dPg
(X0:T ) = 1,
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it remains to show that

J (x0, 0) = lnZ. (S.14)

Indeed by employing the Hopf-Cole logarithmic transformation [64] we have

J (x, t) = − lnφt(x), (S.15)

where φ fulfils the backward PDE

∂φt(x)

∂t
+ L†

fφt(x)− U(x, t)φt(x) = 0 , (S.16)

where the operator L†
f is defined by

L†
fφt(x) = f(x) · ∇xφt(x) +

1

2
σ2∇2

xxφt(x) with φT (x) = χ(x). (S.17)

Since Eq. (S.16) is a parabolic partial differential equation, by employing the Feynman–Kac theorem (see [90]) its solutions
φt(x) can be written as the following path integral/conditional expectation over the path measure Pf

φt(x) =

〈
χ(XT ) exp

[
−
∫ T

t

U(Xs, s)ds

]
|Xt = x

〉
Pf

. (S.18)

By setting now t = 0 in Eq.(S.18), we obtain φ0(X0) = Z and thus conclude that

dQ∗

dPg
(X0:T ) = 1,

and therefore the two path measures are the same.

II. FROM CONSTRAINTS TO THE HAMILTON-JACOBI-BELLMAN EQUATION

We consider here stochastic systems in a more general setting compared to the one employed in the main text, where the
system dynamics is captured by the following stochastic differential equation

dXt = f(Xt, t)dt+ σ(Xt, t)dWt, (S.19)

with state variablesXt ∈ Rd, drift f(·, ·) : Rd×R+ → Rd, state and time dependent noise matrix σ(x, t) ∈ Rd×R+ → Rd×d,
and Wt denoting a d–dimensional vector of independent Wiener processes acting as white noise sources.

We intend to impose dynamical constraints C onto the system that may pertain its terminal state XT as dictated by a con-
straining function χ(x) ∈ Rd → R, or its transient behaviour within a time interval [0, T ] through a path-penalising function
U(x, t) ∈ Rd ×R+ → R

C :=

{
χ(XT ), terminal constraint
U(Xt, t), for t ≤ T, path constraint.

(S.20)

To that end, we introduce the constraints into the evolution equation of the system Eq.(S.19) as a time- and space-dependent
perturbation of the uncontrolled dynamics

dXt =
(
f(Xt) + u(Xt, t)

)
dt+ σ(Xt, t)dWt. (S.21)

To identify the necessary dynamical adjustments u(x, t), we consider the problem of Eq.(7) in a more general form by
introducing the cost functional J(Xt, t) as the time integrated optimal expected cost from time t to the end of the interval T

J (Xt, t) = min
u

〈∫ T

t

1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′) dt′ − lnχ(XT )

〉
Q
. (S.22)
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The term u(Xt′ , t
′)⊤H(Xt′ , t

′)u(Xt′ , t
′) accounts for the minimisation of the dissipated energy through the controls, with H

determining the control cost along each state dimension, while the function U(Xt′ , t
′) captures the cost from deviating from a

predefined path (or from more general collective path costs in multi-unit systems). The angular brackets denote the expectation
over the path probability measure Q for paths of the controlled system (Eq.(S.21)) within the interval [t, T ], i.e.〈

C(Xt:T )
〉
Q
=

∫
C(Xt:T )dQ. (S.23)

In Eq. (S.23) C(·) denotes a function of continuous trajectories (paths) starting from the point xt, Xt:T := (Xs)s∈(t,T ]|xt, and
Q the path probability measure induced by the controlled dynamics.

To arrive to the Hamilton-Jacobi-Bellman equation that determines the necessary and sufficient optimality conditions for the
control problem, we rewrite the optimal expected cost J (x, t) recursively

J (Xt, t) = min
u

〈∫ T

t

(
1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′)

)
dt′ − lnχ(XT )

〉
Q

(S.24)

= lim
δt→0

min
u

〈∫ t+δt

t

(
1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′)

)
dt′+

∫ T

t+δt

(
1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′)

)
dt′ − lnχ(XT )

〉
Q

= lim
δt→0

min
u

〈∫ t+δt

t

(
1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′)

)
dt′ + J (Xt+δt, t+ δt)

〉
Q

= lim
δt→0

min
u

〈∫ t+δt

t

(
1

2
u(Xt′ , t

′)⊤H(Xt′ , t
′)u(Xt′ , t

′) + U(Xt′ , t
′)

)
dt′ + J (Xt, t) + δt

∂J (Xt, t)

∂t
+

+ g(Xt, t)
⊤∇xJ (Xt, t)δt+

δt

2
Tr
[
D(Xt, t)∇2

xxJ (Xt, t)
]〉

Q

,

with D(x, t) = σ(x, t)⊤σ(x, t) denoting the noise covariance, and ∇2
xxJ (Xt, t) indicating the matrix of second derivatives of

J (Xt, t) with respect to the spatial variable.
In the third line we have isolated the expected cost-to-go for the time interval [t, t + δt] from the optimal cost-to-go of

subsequent times J (Xt+δt, t + δt). This expression encompasses the Bellman’s principle of optimality, according to which
an optimal solution over an interval [0, T ] consists of optimal sub-solutions over the respective sub-intervals [t′, T ] with later
starting times t′, and appropriate initial conditions [39].

In fourth line in Eq.(S.24) we have employed a Taylor approximation for J (Xt+δt, t+ δt) around t up to O(dt) and O(dX2
t )

that yields

J (Xt+δt, t+ δt) ≈ J (Xt, t) + δt
∂J (Xt, t)

∂t
+O(δt2) + dXt∇xJ (Xt, t) +

1

2
dX⊤

t ∇2
xxJ (Xt, t)dXt. (S.25)

We proceed by taking into account that Xt arises from an SDE of the form

dXt = g(Xt, t)dt+ σ(Xt, t)dWt = (f(Xt, t) + u(Xt, t))dt+ σ(Xt, t)dWt,

and by considering that the expectation over Q of the last term of Eq. (S.25) equals〈
dX⊤

t ∇2
xxJ (Xt, t)dXt

〉
Q
= Tr

[
D(Xt, t)∇2

xxJ (Xt, t)
]
δt. (S.26)

In the fourth term of Eq. (S.25) the expectation of the stochastic part vanishes
〈
σ(Xt, t)dWt∇xJ (Xt, t)

〉
Q
= 0, where Tr[·]

stands for the trace of the matrix.

By dividing by δt and taking the limit in Eq. (S.24) we arrive at the Hamilton–Jacobi–Bellman equation

− ∂

∂t
J (Xt, t) = min

u

[
1

2
u(Xt)

⊤H(Xt, t)u(Xt) + U(Xt, t) + g(Xt, t)
⊤∇xJ (Xt, t) +

1

2
Tr[D(Xt, t)∇2

xxJ (Xt, t)]

]
,

(S.27)
which admits at most one unique (viscosity) solution [91]. If such a solution exists, then the expected cost J (Xt, t) is the
optimal one. Minimising Eq.(S.27) yields the optimal state- and time-dependent interventions

u∗(x, t) = −H−1(x, t)∇xJ (x, t). (S.28)
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Substituting the optimal controls u∗(x, t) into the Hamilton-Jacobi-Bellman equation (Eq.(S.27)), we arrive at

− ∂

∂t
J (Xt, t) =− 1

2
(∇xJ (Xt, t))

⊤H−1(x, t)∇xJ (Xt, t) + U(Xt, t) + f(Xt, t)
⊤∇xJ (Xt, t) (S.29)

+
1

2
Tr[D(Xt, t)∇2

xxJ (Xt, t)],

which is a nonlinear PDE in J (Xt, t).
To simplify the last equation, we introduce the variable transformation J (x, t) = − ln(φt(x)), and thusφt(x) = − exp(J (x, t)),

thereby obtaining

1

φt(Xt)

∂

∂t
φt(Xt) =− 1

2φ2
t (Xt)

(∇xφt(Xt))
⊤H−1(x, t)∇xφt(Xt) + U(Xt, t) (S.30)

− 1

φt(Xt)
f(Xt, t)

⊤ · ∇xφt(Xt) +
1

2φ2
t (Xt)

(∇xφt(Xt))
⊤D(Xt, t)(∇xφt(Xt)) (S.31)

− 1

2φt(Xt)
Tr[D(Xt, t)∇2

xxφt(Xt)].

Eq. (S.30) becomes linear in φt(x) if we assume that noise covariance D(x, t) is inversely proportional to the intervention
costH , i.e. by assuming thatH−1(x, t) = D(x, t). This relationship characterises Path Integral control problems [27]. Thereby
the transformed Hamilton–Jacobi–Bellman equation simplifies into

∂

∂t
φt(Xt) =− f(Xt, t)

⊤ · ∇xφt(Xt)−
1

2
Tr[D(Xt, t)∇2

xxφt(Xt)] + U(Xt, t)φt(Xt) (S.32)
.
=L†

fφt(Xt) + U(Xt, t)φt(Xt),

where L†
f denotes the adjoint Fokker–Planck operator associated with the uncontrolled system.

III. TACKLING PROBLEMS WITH EXTREME TERMINAL CONSTRAINTS

With a small modification the presented framework is also able to tackle problems with extreme (not typical) terminal con-
straints, i.e. with terminal constraints that are not reached by the typical paths of the unconstrained system. In settings where
the terminal point lies outside the typical values of the uncontrolled system, the forward flow ϱt(x) fails to cover the state space
in the vicinity of this extreme terminal point. Thereby the particles do not provide sufficient evidence for the ensuing score
estimation which results in inaccurate estimates.

To tackle this issue, we modify the forward sampling to already incorporate the extreme terminal constraint. To that end, we
employ a d-dimensional Brownian Bridge (B) for forward sampling. Brownian bridges are derived from Brownian motion with
vanishing drift f(x) ≡ 0 and terminal constraint χ(x) = δ(x − y). Therefore they are sufficiently simple to admit an analytic
closed form solution, facilitating thereby succeeding calculations for correcting the path statistics.

To maintain the correct path statistics, we employ the Girsanov’s change of measure formula to reweight the biased forward
paths. In particular, we obtain the correct path probability measure of the controlled process PBf by reweighting the Brownian
bridge path measure PB0 with the likelihood

dPBf
dPB0

(X(0:T )) ∝ exp

[
−
∫ T

0

1

2σ2

(
f2(Xt)dt− 2f(Xt) · dXt

)]
. (S.33)

Since the path measure PB0 contains the correct terminal constraints of the targeted path measure PBf , the common terminal-
condition χ(XT ) of both bridges has dropped out of the likelihood ratio, and we are left with the likelihood ratio between the
unconstrained process with drift f and drift 0.

To transform the expression for the weight Eq.(S.33) into the form of Eq.(3) for which our filtering approach applies, we
employ Ito’s formula to eliminate the stochastic integral in Eq.(S.33) assuming thereby that the drift comes as a potential gradient
f(x) = −∇V (x), and therefore the underlying system is conservative. In particular, to eliminate the stochastic integral, we
apply Ito’s lemma in the form

dV (Xt) = ∇V (Xt) · dXt +
σ2

2
∇2V (Xt)dt. (S.34)
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Replacing −∇V (x) with f(x) yields

− 2

∫ T

0

f(Xt) · dXt = σ2

∫ T

0

∇ · f(Xt)dt+ 2(V (y)− V (x0)), (S.35)

where we have used that X0 = x0 and XT = y.
Hence, the path weight reduces to

dPBf
dPB0

(X0:T ) ∝ exp

[
−
∫ T

0

UB(Xt)dt

]
, (S.36)

with

UB(x) =
1

2σ2

(
f2(x) + σ2∇ · f(x)

)
, (S.37)

where we have omitted the normalisation constant.
Hence, we can simulate constrained paths of an SDE with drift f(x) and extreme terminal constraints following the forward

filtering and backward smoothing approach described in the main article for settings with path constraints. The filtering equation
is given by

∂ϱt(x)

∂t
= Lf0ϱt(x)− UB(x)ϱt(x), (S.38)

where UB(x) is defined in Eq.(S.37). The drift f0 is that of a d-dimensional Brownian bridge that is designed to reach the target
state x∗ ∈ Rd exactly after T time units and defined as

f0(x, t) =
x∗ − x

T − t
, (S.39)

which corresponds to d-independent one–dimensional Brownian bridges, one for each dimensional component of the vector x.

IV. CONTROL FORMALISM FOR STATE DEPENDENT DIFFUSIONS

In the main article, for simplicity, we considered a state independent diffusion, and presented our formalism in terms of this
simplified assumption. Here, we briefly outline the central results for settings where the noise term is state dependent, and thus
has multiplicative noise effects, i.e. when the SDE admits the formulation (in the Ito sense)

dXt = f(Xt, t)dt+ σ(Xt, t)dWt, (S.40)

with σ(x, t) ∈ Rn×n ×R+.
We outline here the equations that require adaptation to consider the state dependent effects of the diffusion. The deterministic

Fokker–Planck particle flow with a state dependent diffusion admits an additional − 1
2∇ ·D(x, t) term

∂ϱt(x)

∂t
= −∇ ·

[(
f(x, t)− D(x, t)

2
∇ ln ϱt(x)−

1

2
∇ ·D(x, t)

)
ϱt(x)

]
, (S.41)

with D(x, t) = σ(x, t)⊤ · σ(x, t) denoting the noise covariance matrix. Here we used the following notation for the gradient of
the noise covariance

(∇ ·D(x, t))i =
∑
j

∂Dij(x, t)

∂xj
. (S.42)

The marginal constrained density qt(x) fulfills the Fokker–Planck equation

∂qt(x)

∂t
= Lfqt(x)−∇ · (D(x, t) lnφt(x)qt(x)) , (S.43)

with the Fokker–Planck operator (Eq.(2))

Lfqt(x) = ∇ ·
[
− f(x, t)qt(x) +

1

2
∇ · (D(x, t)qt(x))

]
. (S.44)
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The time-reversed Fokker–Planck reads

∂q̃τ (x)

∂τ
= −∇·

[(
D(x, T − τ)∇ ln ϱT−τ (x)+∇D(x, T − τ)− f(x, T − τ)

)
q̃τ (x)

]
+

1

2
∇2 ·

(
D(x, T − τ)q̃τ (x)

)
. (S.45)

This represents a diffusion process with drift

g(x, τ) = D(x, T − τ)∇ ln ϱT−τ (x) +∇D(x, T − τ)− f(x, T − τ), (S.46)

which is the drift of the reverse time process.
The resulting optimal controls are obtained from

u∗(x, t) = D(x, t) · (∇ ln q̃T−t(x)−∇ ln ϱt(x)) . (S.47)

V. DETERMINISTIC PARTICLE SOLUTION TO THE FILTERING EQUATION

For settings with path constraints U(x, t) ̸= 0, the forward filtering flow ϱt(x) (Eq.(11)) is distinct from a Fokker–Planck
flow. In order to account for the extra sink term −U(x, t)ϱt(x) in the forward PDE (Eq.(11)), we incorporate the (deterministic)
ensemble transform particle filter [72] into the Fokker–Planck probability flow.

By formally integrating the filtering equation Eq.(11) at time t over a small time interval δt we obtain

ϱt+δt(x) = exp
(
δt(Lf − U)

)
ϱt(x) = exp

(
− U(x, t)δt

)
exp (δtLf )ϱt(x) +O((δt)2) (S.48)

in terms of operator exponentials. In the second equality, the non–commutativity of the two operators Lf and U(x, t) has
been neglected for small δt. This result can be understood as the concatenation of two processes: the propagation of a density
described by the uncontrolled Fokker–Planck equation (Eq.(2)) followed by a multiplication of the resulting density by a factor
e−δtU(x,t).

To simulate such a two stage process during the time interval δt, we first propagate the particles using the dynamics Eq.(22)
at intermediate positions Y (i). For the second process, we assign importance weights Ω(i)(t) to each particle i according to

Ω(i)(t) ∝ e−δtU(Y (i),t). (S.49)

To obtain uniformly weighted particles required for the next integration step, we need to compute new particle positions that will
represent the weighted particle distribution with a uniform weighted one, i.e with particle weights Ω̃(i)(t) = 1

N .
Particle reweighting is commonly resolved with random resampling according to the particle weights to create a new un-

weighted particle ensemble [92]. Thus resampling is inherently stochastic. Here, instead, to maintain the deterministic nature of
our framework, we employ the deterministic ensemble transform particle filter [72], that identifies the minimum deterministic
shift of particle positions to transform the ensemble of weighted particles to an ensemble of uniformly weighted ones by max-
imising the covariance between the two particle ensembles. In particular, the algorithm is based on optimal transport problem
with transport costs informed by the particles’ spatial distribution.

The particle shifts are defined by a linear transformation mediated through the transform matrix T ∗ ∈ RN×N

X
(j)
t+δt = N

N∑
i=1

T ∗
ijY

(i), (S.50)

where the optimal transport matrix T ∗ results from the solution of a linear program

T ∗ = argmin
T

N∑
i,j=1

Tij∥Y (i) − Y (j)∥2 (S.51)

under the conditions

N∑
i=1

T ∗
ij =

1

N

N∑
j=1

T ∗
ij = Ω(i). (S.52)

In the limit of N → ∞ expectations computed over the weighted and the shifted unweighted ensembles become equal. More
details on this framework can be found in [72]. The cost to be minimised in Eq. (S.51) is the Wasserstein distance for discrete
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distributions, that is alternatively known as the Earth Mover’s Distance (EMD). For the numerical experiments performed in this
paper, for computing the transport matrix we have employed the implementation of FastEMD [93] for the numerical experiment
on molecular phenotypes and the implementation of Earth Mover’s Distance provided by the python toolbox POT:Python Opti-
mal Transport [82] for synchronising the Kuramoto networks. The latter implementation provides considerable speedup in the
EMD computation compared to FastEMD, reducing the computational complexity from O(N3 log(N)) to O(N2). However it
is slightly less accurate. Interestingly, experiments with entropy regularised solutions for the optimal transport problem intro-
duced considerable contractions in the particle distributions resulting in unreliable representations of the underlying densities
(even when the optimal transport problem was conditioned to provide a sparse solution).

VI. SCORE ESTIMATION FROM EMPIRICAL DENSITIES

Both the dynamics of the controlled system (Eq.(15-17)) and the propagation of particles according to Eq.(22) require knowl-
edge of the logarithmic gradient of a density , ∇x ln ϱt(x), known as the score function of ϱt(x) in Machine Learning [94].
Here, we resort to a kernel based non-parametric estimation of ∇x ln ϱt(x) inspired by the score matching objective introduced
by Hyvärinen in [94]. The framework is described in detail by Maoutsa et. al in [54].

To obtain the logarithmic gradient of an unknown density ϱ(x), we resort to a component-wise variational formulation of the
problem identifying the unknown ∇x ln ϱ(x) by the function that minimizes functional Iα[h, ϱ] for each dimensional component
α ∈ [1, . . . , d]

∂α ln ϱ(x) = argmin
h

Iα[h, ϱ](x), (S.53)

where the functional Iα[h, ϱ] is

Iα[h, ϱ] =
∫
ϱ(x)

(
2∂αh(x) + h2(x)

)
dx.

This result may be verified using integration by parts, assuming that the density ϱ(x) vanishes sufficiently fast at the boundaries.
Consider an empirical representation of the density ϱ(x) in terms of samples {X(i)}Ni=1, we approximate the functional I by

Iα[h, ϱ̂] =
1

N

N∑
i=1

(
h2(X(i)) + 2∂αh(X

(i))
)
.

For practical computations with a finite number of particles, to regularise the optimisation, we restrict the complexity of the
function class h over which we minimise, by employing a kernel approximation (for more details, see [54]). More precisely,
we assume that h belongs to a Reproducing Kernel Hilbert Space (RKHS) F associated with a Gaussian (radial base function)
kernel K(·, ·)

K(x, x′) = exp

[
− 1

2l2
∥x− x′∥2

]
(S.54)

with a length scale l. To regularise the empirical functional, we add a penalty term proportional to the RKHS norm of ∥h∥RKHS
to Eq.(S.54)

∂α ln ϱ(x) ≈ argmin
h∈F

{
Iα[h, ϱ̂] +

λ

N
∥h∥2RKHS

}
(x). (S.55)

To keep the computational complexity tractable for large particle number N , we employ a sparse kernel approximation
assuming that h may be expressed in terms of a linear combination of the kernel evaluated at M << N inducing points Zi
h(x) =

∑M
i=1 aiK(Zi, x). These inducing points are selected randomly from a uniform distribution spanning the state space

volume covered by the samples of ϱ(x). Thus we obtain an empirical formulation of the score estimator

∂α ln ϱ(x) ≈
M∑
i=1

(
M∑
k=1

Aik(x)

N∑
l=1

{
∇(Xl)αK(Xl, Zk)

})
, (S.56)

with ∇(x)αK(x, Zk)=̇
∂
∂xα

K(x, Zk) denoting the partial derivative of the first kernel argument across the α-th dimensional
component, and with Aik denoting the i-th row, and k-th column of the matrix valued function A(x) defined as

A(x)
.
= K(x,Z)

[
λI +K−1

zz K
⊤
xzKxz

]−1
K−1
zz , (S.57)
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where X = {Xi}Ni=1 and Z = {Zi}Mi=1 denote the sets of samples and inducing points respectively, while Kzz := K(Z,Z)
and Kxz := K(X ,Z) denote the M ×M and N ×M matrices resulting from evaluation of the kernel at the inducing points,
and at the samples and inducing points respectively. With I we denote the M ×M identity matrix. Throughout our numerical
experiments we set the regularising constant as λ = 10−3. To ensure numerical stability we add a diagonal component of the
order of 10−5 before the matrix inversions.

In the main text we denote the score estimator for the density ϱ̂(x) evaluated at point x across all dimensions by

S(x, ϱ̂) = ∇ ln ϱ̂(x) = [∂1 ln ϱ(x), ∂2 ln ϱ(x), . . . , ∂d ln ϱ(x)]
⊤. (S.58)

We remark here, that the score estimator of Eq. (S.56)- Eq. (S.57) was employed in [54] solely for estimation of the logarithmic
gradient of a density at the samples X . In the present work, for propagating the time-reversed flow q̃t(x) (Eq.17), we additionally
require estimation of the logarithmic gradient of the forward flow ∇ ln ϱt(x) in the vicinity of the samples of ϱt(x), but not
exactly on them.

VII. PATH INTEGRAL CROSS ENTROPY CONTROL

Path integral control problems are a class of stochastic control problems for which the Hamilton-Jacobi-Bellman equation
admits a linearisation through the introduction of the Hopf-Cole logarithmic transformation already presented in the main text,
i.e. when the expected cost is transformed as J (x, t) = − log(φt(x)). As stated in the main text, to linearise the nonlinear
Hamilton-Jacobi-Bellman equation through this transformation, the external interventions should be additive in the dynamics,
appear in a quadratic form in the cost function (∥u(x, t)∥2), while the control costs should be inversely proportional to the
diffusion matrix (in the cases where a scalar diffusion does not suffice to capture the problem at hand). No further restrictions
apply, and thus the system dynamics and control costs are allowed to have arbitrary nonlinear relationship to the state of the
system.

An information theoretic approach to compute the optimal interventions for this subclass of problems is the Path Integral Cross
Entropy (PICE) method, recently introduced in [46]. PICE is an iterative method, that approximates the optimal interventions
u∗(x, t) within a parametric family of functions by minimising the relative entropy between the path measures Q∗ and Pû
induced by optimally controlled process with control u∗(x, t) and a process with provisional control û(x, t) which we want to
optimise within the selected parametric family of functions. The minimisation follows an iterative procedure, where simulated
paths of the system with some provisional control u(x, t) are employed to compute the path integral required for minimising
the relative entropy between the two path measures. Since the optimal path measure Q∗ is for nontrivial settings unknown, the
method employs importance sampling to compute expectations over the optimal path measure Q∗.

Disclaimer: For uncluttered notation, in contrast to the rest of the article, in this section the subscripts of path measures refer
to the control term in the drift and not to the entire drift function, i.e. Pu refers to the path measure induced by a process with
drift f(x) + σu(x, t).

More precisely, we denote by Pû the path measure induced by employing the provisional control û(x, t) into the system
dynamics, and Q∗ the path measure induced by optimally controlled system. The optimal control is obtained as the minimiser
of the relative entropy (KL divergence) between the optimally and nearly optimally controlled path measures , and may be
expressed as

u∗(x, t) = argmin
ût:T

KL(Q∗||Pû) = argmin
ût:T

∫
log

dQ∗

dPû
dQ∗ = argmin

ût:T

∫
log

(
dQ∗

dP0

dP0

dPû

)
dQ∗ (S.59)

= argmin
ût:T

〈
− log

(
dPû
dP0

)〉
Q∗

= argmin
ût:T

〈
− log

(
dPû
dP0

)
dQ∗

dPu

〉
Pu

= argmin
ût:T

〈∫ T

t

ds

(
1

2
∥û(x, s)∥2 − û(x, s)

σ2

(
dXs

ds
− f(Xs, s)

))
dQ∗

dPu

〉
Pu

= argmin
ût:T

1

ψt(x)

〈
e−S(Xt,t,u)

∫ T

t

ds

(
1

2
∥û(x, s)∥2 − û(x, s)

(
u(x, s) +

dWs

ds

))〉
Pu

.

In Eq. (S.59) in the first line, we wrote the relative entropy between the path measures Q∗ and Pû in terms of the Radon-
Nikodym derivative of Q∗ with respect to Pû, and then, in the second equality, rewrote dQ∗

dPû
in terms of Radon-Nikodym

derivatives of Q∗ and Pû with respect to the path measure P0 induced by the uncontrolled process. In the second line we
dropped the term

∫
log dQ∗

dP0
dQ∗, since this is unrelated to the optimisation with respect to ût:T . For the third line, we changed
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the expectation over Q∗ to an expectation over the path measure Pu induced by a diffusion process with drift f(x, t)+σu(x, t), by
multiplying with the relevant Radon-Nikodym derivative dQ∗

dPu
. For the fourth line, we substituted the Radon-Nikodym derivative

dPû
dP0

= exp

{
−1

2

∫ T

t

∥û(x, s)∥2ds+
∫ T

t

û(x, t) (dXs − f(Xs, s)) ds

}
, (S.60)

while for the final line we expressed the Radon-Nikodym derivative dQ∗

dPu
with (see also [46] for details)

dQ∗

dPu
=

exp (−S(t, x, u))
⟨e−S(t,x,u)⟩Pu

, (S.61)

where the S denoting the cost of introducing the control u(x, t) into the free dynamics is given by

S(t, x, u) = − logχ(XT ) +

∫ T

t

ds

(
U(Xs, s) +

1

2σ2
u(Xs, s)

2

)
+

∫ T

t

u(Xs, s)dWs. (S.62)

Moreover ψt(x) in the last line of Eq. (S.59) can be identified as ψt(x) = ⟨e−S(t,x,u)⟩Pu .
Expanding both û(x, t) and u(x, t) on a set of K basis functions {hk(x, t)}Kk=1, with k = 1, . . . ,K we obtain

u(x, t) =

K∑
k=1

ak(t)hk(x, t) = At · h(x, t),

and

û(x, t) =

K∑
k=1

âk(t)hk(x, t) = Ât · h(x, t),

with A, Â ∈ RK×(T/dt). Here, we introduced the notation At to denote the set of basis coefficients corresponding to time t, i.e.
Ât=̇[â1(t), â2(t), . . . , âk(t)].

Introducing now the explicit dependency of the controls on the parameters Â, û(x, t|Â) =∑K
k=1 ak(t)hk(x, t), we compute

the gradient of the relative entropy with respect to the parameters Â as

∂KL(Q∗||Pû)
∂Â

=
〈〈∫ T

t

(û(Xs, s)ds− u(Xs, s)ds− dWs)
∂û(Xs, s)

∂Â

〉〉
Pu

, (S.63)

where the double angular brackets denote a weighted expectation ⟨⟨F⟩⟩Pu
= ⟨ e−S(t,x,u)

ψt(x)
F(Xt:T )⟩Pu

. Eq.(S.63) computes the
gradient of the KL(Q∗||Pû) with the help of the importance sampling density Pu. In an iterative optimisation scheme for
identifying the parameters Â for the optimal control û(x, t), it is sensible to use as importance sampling density the path density
Pû induced by the best estimate of the control we have in our disposal. The best estimate in our disposal is the estimate of û(x, t)
of the current iteration. Thus in Eq. (S.63) we replace the arbitrary control u(x, t) with û(x, t) and obtain

∂KL(Q∗||Pû)
∂Â

= −⟨⟨
∫ T

t

dWs
∂û(Xs, s)

∂Â
⟩⟩Pû

. (S.64)

Thus, for a learning rate η > 0, the gradient descent parameter update for step n ∈ [1, 2, . . . , r] reads

Âtn+1 = Âtn + η
〈〈dWs

ds

∂û(Xs, s)

∂Ât

〉〉
Pû

, (S.65)

where we have dropped the time integral in order to optimise for each time step independently.
Thus starting from a set of initial coefficients Â0 ∈ RK×(T/dt), denoting by n the index of the current iteration, we iterate

over the following computations:

• Draw the noise realisations for N trajectories and T/dt timesteps: ζ = N (0,
√
(dt)).
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• Simulate and store N stochastic trajectories following the controlled dynamics with the current estimation of the control
for each time step, i.e. the time discretised version of

dXt =
(
f(Xt, t) +Atn · h(Xt, t)

)
dt+ σdWt.

• Compute the action S according to Eq. (S.62), and the weight wn = e−S for each trajectory individually, and normalise
the weights w(i)

n :=
w(i)

n∑N
i=1 w

(i)
n

.

• The update of the basis function coefficients for each time step is given by

Atn+1 = Atn + η
dQ(ht)

dt
B−1(t), (S.66)

where

dQ(ht) =

N∑
i=1

w(i)
n ζ(i)(t)⊗ ht(X

(i)
t , t),

and

B(t) =

N∑
i=1

w(i)
n ht(X

(i)
t , t)⊗ ht(X

(i)
t , t).

Here, ⊗ denotes the outer product. In the numerical experiments we employ a learning rate η = 0.05 for the presenting
settings with only terminal constraints, and rate η = 0.025 in the settings where both terminal and path constraints are
considered. In the latter case, employing a larger learning rate, results in numerical instabilities especially for small
number N of simulated trajectories.

In our comparisons we employ a slightly modified version of PICE to render it comparable to our framework. More precisely,
we found that when the typical trajectories of the uncontrolled dynamics differ considerably from the trajectories required to
meet the terminal and path constraints, the PICE method converges to some local minimum and fails to fulfill the required
terminal constrains sufficiently. On the other hand, our method is considerably more precise in reaching the terminal targets,
since the time reversed probability flow is initiated from that point. Thus, to obtain controlled trajectories with PICE comparable
to our approach, where terminal constraints are met precisely, we introduced weighting coefficients in front of the constraints in
the action of the path integral. In particular, we use the modified action

S = β0 · logχ(XT ) +

∫ T

t

ds

(
β1U(Xs, s) +

1

2σ2
u(Xs, s)

2

)
+

∫ T

t

u(Xs, s)dWs, (S.67)

where β0 = diag(β
(1)
0 , . . . , β

(d)
0 ), with β(i)

0 ∈ R for i = 1, . . . , d, and β1 ∈ [0, 1].
We found that by progressively increasing the values of these coefficients when the optimisation gets stale, while the con-

straints are not yet sufficiently fulfilled, drives the trajectory ensemble towards the intended regions of the state space that satisfy
the constraints. We note here, that by initiating the optimisation with already large values for the coefficients β0 and β1 leads very
fast to numerical instabilities. Therefore we proceeded to progressively increase their values, when otherwise the optimisation
does not result in improvements in terms of fulfilling the imposed constraints.

We denote here, that in our framework, although we can set the coefficient for the path constraint β1, the coefficients β0 are
not explicitly defined, since for propagating the forward and time reversed flows, we initiate the simulations from delta functions
centered at the initial and terminal points. Since our approach results in particularly precise reaching of terminal target states,
we can consider this equivalent to having large β0 coefficients. Small β0 coefficients could be implemented, if necessary for the
problem at hand, by initiating the simulation of the time reversed flow from a small Gaussian distribution centered around the
terminal state.

For the computations without path constraints, we initiate the simulations with β0 = Id. At each time step we track the mean
terminal state of the simulated trajectories. We terminate the optimisation when the average distance (over all trajectories) to
the target x∗ across each dimension is smaller than 5 · 10−3 , i.e. ||D(XT )||∞ = ||⟨x∗ −XT ⟩N ||∞ < 5 · 10−3 , where || · ||∞
denotes the maximum norm.

We consider the optimisation frozen across dimension di, if within 50 consecutive iterations the magnitude of first derivative
of average distance to the target across dimension di, ∇(di)

n D(XT ) falls below a threshold θ0 = 10−3, where n indicates that
the derivatives are computed across iterations. In that case we double the current value of the relevant weighting coefficient,
β
(d)
0 := 2 · β(d)

0 .
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VIII. EVOLUTIONARY FEEDBACK CONTROL

We demonstrated the performance of our framework in the context of evolutionary feedback control of molecular phenotypes.
Here we provide detailed information and a brief introduction on the formalism.

The prevalence of phenotypic traits in a population of individuals can be construed as a diffusion process evolving on a
topographic (or ’adaptive’) landscape that characterises the fitness of a population, i.e their average reproductive success. Fol-
lowing the formalism introduced by Lande [78], we consider a population consisting of n individuals, where each individ-
ual i is characterised by a vector of d phenotypic traits p(i)(t) =

(
p
(i)
1 (t), p

(i)
2 (t), . . . , p

(i)
d (t)

)
. These traits are quantitative

characteristics describing each member of the population, and have time dependent values with time scales in the range of ge-
neological time scales. Each time step of the evolutionary process represents one step forward in the geneology. The mean
phenotype of the population is a vector with the average of phenotypic traits among the individuals comprising the population
x(t) = (p̄1(t), p̄2(t), . . . , p̄d(t)). We denote the fitness of a population with mean phenotype x̄(t) by a smooth real valued
function F : Rd → R that captures the average reproductive success in the population. This function can be considered as
a potential function. The peak of the potential landscape identifies the evolutionary optimum of the population for a certain
environment in the presence of natural selection.

Considering that natural selection drives the population towards phenotypic traits with higher fitness, the trajectory of the mean
phenotype thus follows the gradient of the landscape uphill towards the nearest local maximum. In that sense, the deterministic
part of the stochastic process that describes the evolution of phenotypic traits is given by landscape gradient ∇F (x) that denotes
the selection pressure from the environment. The finite size of the population causes random genetic drift that is modeled as
white Gaussian noise with amplitude that scales inversely proportional to the effective population size.

Here, we are interested in devising artificial selection protocols for molecular phenotypes that optimally drive evolution to
desired phenotypic states adhering to the adaptive pressures as dictated by the landscape gradient. We build on the formalism
recently introduced by Nourmohammad et al.[29].

For Gaussian distributed phenotypes, fitness and mutation forces drive the evolution of mean phenotypes induced by the
fitness potential, while genetic drift perturbs the process stochastically. We describe the evolution of mean phenotypes x by the
overdamped Langevin equation

dx = C · ∇F (x)dt+ΣdW, (S.68)

with F (x) denoting the adaptive landscape capturing the effects of natural selection and mutation forces, while Σ stands for
the noise amplitude. The gradient of the landscape f(x) = C · ∇F (x) captures the adaptive pressures during evolution. The
covariance matrix C captures the covariance among different traits, and influences both the deterministic and stochastic part of
the forces acting on the system. The genetic drift, i.e. the noise amplitude of the process is determined by the square root of the
covariance matrix rescaled by the inverse of the effective population size, i.e. Σ = C1/2n−1.

In general, the covariance matrix C follows a similar Langevin equation [29] that can be nevertheless be considered as
remaining constant over time, given the much smaller timescales its fluctuations unfold [96], and the weak dependency on the
evolutionary selection strength [97].

The dynamics of Eq.(S.68) describe the evolution of populations in the presence of natural selection towards an evolution-
ary optimum, captured by the minimum of the adaptive landscape. Yet, in order to study and understand the outcomes and
dynamics of adaptive evolution, we desire to devise intervention protocols that will drive the evolutionary process towards an
non-evolutionary optimum state x∗ of the adaptive landscape. This intervention is implemented through artificial selection,
which we formulate here as a time- and state- dependent perturbation u(x, t) to the natural selection dynamics

dx =
(
f(x) + u(x, t)

)
dt+ΣdW. (S.69)

This defines an optimal control problem, where we seek to identify the optimal intervention protocol u(x, t) in order to attain
a target state x∗ at a predefined deterministic time T , minimising thereby the cost function of Eq. (??) over the entire trajectory.
To design an optimal artificial selection protocol as defined in Eq.(??), we employ the presented sampling scheme in terms of
simulated probability flows.

For the numerical experiments we consider a two-dimensional evolutionary process with covarying phenotypes, and apply
controllers that either assume the correct cross-phenotype correlations (’correct’ controller), or consider the two phenotypes
uncorrelated (’misspecified’ controller). More precisely, we consider an evolutionary process with dynamics

dx = C · ∇F (x)dt+ΣdW, (S.70)

with covariance matrix C =

[
c1,1 ϱxyσ1σ2

ϱxyσ1σ2 c2,2,

]
with σs =

√
cs,s for s ∈ {1, 2}, and c1,1 = 0.2, c2,2 = 0.5. The landscape

gradient we employed was given by ∇F (x) = −L · x , with the matrix L indicating the selection coefficient across each
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dimension being set to L =

[
2 0
0 4

]
while the diffusion matrix was set to the square root of the covariance Σ = C1/2. For

our experiments we employed 6 different correlation levels, namely ϱxy = ±{0.25, 0.50, 0.75}. While this particular setting is
analytically solvable, the computation of controls with our method generalises also for less trivial settings.

To design the controllers for each cross-phenotype correlation level ϱxy , we sampled the forward and time-reversed flows
with the correctly correlated dynamics (’correct’ controller), and with uncorrelated dynamics, i.e. with ϱ̂xy = 0 set to zero
(’misspecified’ controller). We applied both controllers to steer a process with the predefined correlation value ϱxy . Notice, that
by modifying the misspecification of the correlation, we alter both the drift and the diffusion term of the process assumed by the
controller, since both terms depend on the covariance matrix C.
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FIG. S-1. Precision of the controller for misspecified evolutionary models. Terminal error of interventions for covarying phenotypes
with cross phenotype correlation ϱxy = ±{0.25, 0.50, 0.75}, when computed controls assumed the correct (’cor’), or a misspecified (’mis’)
dynamical model that neglects the correlations, i.e. ϱxy = 0. Purple indicates only terminally constrained processes, while light blue stands
for systems with both terminal and path constraints.

IX. SYNCHRONISATION OF KURAMOTO OSCILLATORS

The Kuramoto model [100] has been extensively used in the literature to study synchronisation phenomena in many disci-
plines, including biology, physics, and engineering. In its original formulation, it comprises a population of K ≥ 1 phase
oscillators, with dynamics evolving according to the following system of nonlinear coupled ordinary differential equations

θ̇i(t) = ωi +
J

K

K∑
j=1

sin (θj(t)− θi(t)) , i = 1, . . . ,K (S.71)

with initial conditions θi(0) = θ0i . In Eq.(S.71) θi denotes the phase of the i−th oscillator, ωi its natural frequency. We consider
the natural frequencies ωi to arise from a Gaussian distribution g(ω) with mean zero and variance w2, g(w) = N (0, w2). Here,
we adopt an all-to-all coupling topology where each oscillator interacts with all the other oscillators with uniform coupling
strength J .



14

In the numerical experiments we consider noisy phase oscillators, thus we extend the dynamics of Eq.(S.71) by perturbing
each oscillator with additive white Gaussian noise independent for each oscillator [98]. The noise amplitude σ is set to be
uniform among all oscillators, resulting in

dθ
(i)
t =

ωi + J

K

K∑
j=1

sin
(
θ
(j)
t − θ

(i)
t

) dt+ σdW
(i)
t , (S.72)

with initial conditions θ(i)0 , and {W (i)}Ki=1 K independent Wiener processes.
We denote here that an alternative formulation of the Kuramoto model perturbed by noise entails multiplicative noise involving

the oscillator phase response curve Z(θ) = sin(θ) [99] as a prefactor of the noise term. This formulation does not pose an issue
for our framework, since, as mentioned in Section IV, our method is applicable also for systems with multiplicative noise.

For systems of Kuramoto oscillators with heterogeneous dynamics, e.g. with differing natural frequencies akin to the one
we employed here, we employ the notion of synchronisation that requires phase alignment between oscillation pairs (instead of
complete phase agreement)

lim
t→+∞

|dθ(i)t − dθ
(j)
t | = 0 (S.73)

We characterise the level of synchronisation among the oscillators with the Kuramoto order parameter for phase coherence

R(θt, t) =
1

K
|
K∑
j=1

eiθ
(j)
t |, (S.74)

where i denotes the imaginary unit. In the thermodynamic limit K → ∞, the order parameter converges to values between 0 -
in settings where the oscillators’ phases are entirely incoherent - and 1 when all the oscillators synchronise and rotate in unison.
In finite size networks, incoherent dynamics are indicated by a time averaged order parameter of the order of the inverse square
root of network size, i.e. R̄ = ⟨R(θt, t)⟩t = O(1/

√
K).

In the absence of control and when the coupling between the oscillators exceeds a critical strength Jc, the phases of the
oscillators synchronise for t → ∞. Below that critical coupling strength, the oscillator ensemble is in incoherent or partially
synchronised state. Here, we provide continuous time state control to induce synchronisation to oscillator networks.

In a similar vein with the systems treated previously, we introduce an external intervening force for each oscillator

dθ
(i)
t =

ωi + J

K

K∑
j=1

sin
(
θ
(j)
t − θ

(i)
t

)
+ ui(θt, t)

 dt+ σdW
(t)
t . (S.75)

We formulate the synchronisation constraint as a path constraint. More precisely, we consider as path constraint the following
term that considers the collective state of the network by rewarding paths that result in order parameter R closer to 1 (complete
synchrony)

U(θt) = β (1−R(θt, t)) dt, (S.76)

with β = 103.
We considered the problem as a finite horizon optimisation problem of time T without terminal constraint, but with path

constraint U(x, t). More precisely, we initially computed the forward flow ϱt(x) within the interval [0, T ] by employing at
every time step the necessary reweighting that accounts for the path constraint. Since we did not define a terminal target for time
T , we set for the probability flow q̃0(x) = ϱT (x) i.e. we match the terminal state of ϱt(x) with the initial condition of the time
reversed probability flow q̃t(x), and perform the time reversed sampling. As in the previous settings we applied the resulting
interventions obtained from the difference of the logarithmic gradients of the two simulated flows for controlling 20 different
realisations of the same network.

In the main article we considered synchronisation of networks where the natural frequency distribution g(ω) is a zero-centered
Gaussian. To demonstrate that our approach is not limited to Gaussian natural frequency distributions we additionally considered
networks with frequency distribution comprising two delta functions centered at −ω0 and ω0 for ω0 ∈ {0.25, 0.5, 1}, i.e.,
g(ω) = 1

2

(
δ(ω − ω0) + δ(ω + ω0)

)
(Fig. S-2) with initial phases drawn from Gaussian distributions of two different variances

(θ0 ∼ {N (π, 0.52),N (π, 1)}). The remaining network and simulation characteristics were similar to numerical experiments
of Fig. 9 in the main article with noise amplitude σ = 1. For all examined frequency distributions the controlled networks
exhibited larger phase coherence order parameter values than their uncontrolled counterparts. The magnitude of the natural
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frequency ω0 employed in the network did not considerably influence the resulting phase coherence of the oscillators. However,
the initial dispersion of the oscillator phases θ0 had a stronger influence in the amount of synchronisation achieved within the
predefined time interval T . Networks initiated from more dispersed initial conditions (lower row in Fig.. S-2) achieved only
partial synchronisation within the time interval T both for the uncontrolled and controlled networks and for all frequency and
coupling conditions. Nevertheless, the networks controlled with DPF showed consistently larger order parameter values than
their uncontrolled counterparts. A more detailed study of the performance of our control framework to synchronise (larger)
networks with connections to mean-field solutions will be discussed in a future publication.
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FIG. S-2. Synchronisation control of finite-size networks of K = 6 oscillators with bimodal natural frequency distribution. Time
averaged phase coherence order parameter (R) of controlled (purple) and uncontrolled (green) networks with natural frequency distributions
drawn from a bimodal distribution g(ω) comprising two delta functions centered at +ω0 and −ω0 with ω0 ∈ {0.25, 0.5, 1}, and initial phases
θ0 drawn from Gaussian distributions of different variance: (upper) N (π, 0.52), (lower) N (π, 1). (marker denote average over 5 different
control computations with 20 different controlled trajectories within each realisation, and thin lines averages over 20 realisations of each
control computation.) a

a Further parameters: noise amplitude σ = 1, particle number N = 3000, inducing point number M = 300, discretisation time step dt = 10−3, temporary
finite horizon T = 0.5.

An alternative approach for applying DPF for synchronisation control, is to treat the problem as an infinite horizon optimisa-
tion problem, and thus optimise the controls ’online’, i.e. within finite small sub-intervals. This approach can be performed with
substantially smaller number of particles compared to the scheme presented in the main text. Nevertheless, to remain realistic it
requires rapid computations of controls, since the control calculations should happen in parallel with the simulation.

More precisely, the ’online’ scheme alternates estimation of the constrained densities in sub-intervals Tsub < T starting
from the current state of the system, and evolution of the controlled stochastic trajectory within this same time interval Tsub.
Thus, for this alternative computation of controls, we computed the controlled density for the time interval [0, Tsub], and subse-
quently propagated the controlled stochastic system within that interval until the state xTsub

. Subsequently, the estimation of the
controlled density followed from the initial condition xTsub

and run over the interval [Tsub, 2Tsub − 1].
To accommodate this control setting with our framework, we optimised the state interventions u(θt, t) within sub-intervals of

length Tsub = 50 dt, where dt = 10−3 denotes the discretisation time-step, and employed a path constraint involving the order
parameter U(θt) = β(1−R(θt, t)).



16

For numerical experiments with the six oscillator network in Figure S-3 we employed natural frequencies from a Gaussian
N (0, 1.), where we rejected the samplings with unbalanced natural frequency signs, i.e. we accepted only natural frequency
sampling where 3 oscillators had positive, and 3 oscillators had negative frequency. The Tsub was set at 0.05.

According to Figure S-3, the online version of our method has a paradoxical impact on the effect of noise on the critical
coupling for synchronisation ( Figure S-3d. ). Whereas in the uncontrolled setting, the critical coupling increases for increasing
noise amplitude, employing our control framework seems to render the networks with stronger noise more easily synchronisable
through stronger feedback control. However further research in necessary for pinpointing the exact relationship between the
critical coupling and noise strength in the presence of control.

To identify the effect of noise and coupling strength on the synchronisability of the network when controlled by our method, we
simulated different instances of the same network with different coupling strengths under two noise conditions σ = {0.1, 0.5},
and observed both the controlled and the uncontrolled systems. As expected [98], the uncontrolled system synchronises in the
absence of external interventions for strong coupling, whereas the noise strength has a hindering effect on synchronisation,
pushing the critical for synchronisation coupling strength to slightly larger values. In the presence of external interventions
mediated through our framework, the network synchronised already for weak couplings for both noise conditions.

FIG. S-3. Synchronisation control of a finite-size network of N = 6 interacting Kuramoto phase oscillators controlled over sub-
intervals. a.) Schematic of oscillator network depicting state variables (phases) θi at each network node, controls ui, and network interactions
(edges). b.) (upper) The phases of the oscillators quickly synchronise when controlled by the deterministic particle flow control method
and remain synchronised throughout the entire simulation interval [0, T = 2]. b.) (lower) The same network with same connection strength
(K = 1.6) fails to synchronise in the absence of control. c.) Evolution of Kuramoto order parameter R for the controlled (purple) oscillator
network indicates a rapid transition to synchrony (R=1), while for the identical uncontrolled network the order parameter fluctuates strongly,
indicating an phase incoherence (green). The orange line denotes the expected long time average value of the order parameter if the oscillators
were non-interacting considering finite size scaling effects. For visual clarity, the grey line marks the level of R = 1 indicating a completely
synchronous state. d.) Time averaged order parameter against coupling strength K for different noise amplitudes σ = 0.1 (dashed) and
σ = 0.5 (solid) for a controlled (purple) and an uncontrolled (purple) network. Our control framework effectively shifts the critical coupling
strength for synchronisation to smaller values. (Lines denote average over 3 different network realisations.) a

a Further parameters: noise amplitude σ = {0.25, 0.5}, particle number N = 500, inducing point number M = 40, discretisation time step dt = 10−3,
temporary finite horizon Tsub = 0.05.
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X. IMPLEMENTATION DETAILS

Here we provide the outline algorithm for computing optimal interventions. For a concrete implementation we defer the reader
to the official repository located at https://github.com/dimitra-maoutsa/DeterministicParticleFlowControl. In the comments, we
denote the computational complexity of each operation in the gradient–log–density estimation in terms of big-O notation. Since
the inducing point number M employed in the gradient–log–density estimation is considerably smaller than sample number N ,
i.e., M ≪ N , the overall computational complexity of a single gradient-log-density evaluation amounts to O

(
N M2

)
. As it

becomes obvious from the simulation at the first step of each forward simulation we perform a stochastic Euler-Maruyama step,
in order to overcome the singularity of having to compute the gradient log density of a delta function that represents the initial
condition.

Algorithm A1: Deterministic Particle Flow (DPF) control algorithm
Input: N,M : scalars, number of particles and number of inducing points

t0, t1, dt: scalars, initial and final timepoints, and discretisation step
x0, x1: 1× d, 1× d initial and target state
f : drift function
σ: noise amplitude
U(x, t): function, path constraint (optional)

Output: Z,B: d×N × (t1 − t0)/dt, samples from forward flows ϱt(x) and qt(x)
u(x, t): functions from Rd → Rd for each (t1 − t0)/dt time step, time- and

state-dependent controls

1 k = (t1 − t0)/dt // number of timesteps

// Forward propagation of flow ϱt(x)

2 Zti=0 = x0 // initialise particles’ positions O ()

3 Zti=1 = Z0 + dtf(Z0, t0) + σN (0,
√
dt) // 1st step is stochastic O ()

4 For ti = 2 : k // deterministic propagation

5 Zti+1 = Zti + dt
(
f(Zti, t)− 1

2σ
2∇ log ϱ(Zti)

)
6 If ∃ path cost:
7 W = exp (−U(Zti+1, t) dt)
8 T ∗ = EnsembleTransformParticleFilter(Zti+1,W )
9 Zti+1 = Zti+1 · T ∗

// Time-reversed propagation of flow qt(x)

10 Bti=k = x1 // initialise particles’ positions

// 1st step is stochastic

11 Bti=k−1 = Bk − dt
(
f(Bk, t1) +

1
2σ

2∇ log ϱ(Zk)
)
+ σN (0,

√
dt)

12 For ti = k − 2 : 0 // deterministic propagation

13 Bti−1 = Bti − dt
(
f(Bti, t)− 1

2σ
2∇ log ϱ(Zti) +

1
2σ

2∇ log q(Bti)
)

// Compute u(x t)

14 For ti = 2 : k

15 u(x, ti) = σ2∇ log q(Bti)− σ2∇ log ϱ(Zti)

For generating the figures in the main text and supplement we used the Seaborn [95] python package.

XI. SUPPLEMENTARY FIGURES

https://github.com/dimitra-maoutsa/DeterministicParticleFlowControl
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FIG. S-4. Agreement of constrained probability flows resulting from DPF and gDPF for the typical terminal condition in a double
well potential. Mean µt and standard deviation σt of the constrained time-reversed probability flows (q̃DPF and q̃gDPF ) computed by
employing DPF (solid pink/purple) and gDPF (dashed black). The background coloring indicates the density of the particle trajectories of the
time-reversed constrained flow, while the two silver circles denote the initial and terminal points. (inset.) Deterministic particle trajectories
capturing the forward unconstrained flow ϱt(x) (grey) and resulting time-reversed constrained flow q̃t(x) (magenta) as computed by DPF.
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FIG. S-5. Constrained probability flow resulting from guided particle flow (gDPF) control for extreme terminal condition in a double
well potential. Mean µt and standard deviation σt of the constrained flows (q̃t). The background coloring indicates the density of the particle
trajectories of the time-reversed constrained flow, while the two silver circles denote the initial and terminal points. (inset.) Deterministic
particle trajectories capturing the forward ϱBB

t (x) (grey) and the time-reversed constrained q̃t(x) (magenta) probability flows as computed
during gDPFcontrol.

FIG. S-6. Total path cost for path constrained and path constrained unconstrained systems. Adding the path constraint to the condition
considerably reduces the deviation from the y∗ = 1 axis for both frameworks.
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FIG. S-7. Deterministic trajectories of forward probability flow and statistics of reverse time sampled constrained flow. (upper) (a.)
(b.) Complete agreement of mean µ (solid lines) and standard deviation σ (dashed lines) between the time-reversed controlled density qt(x)
(maroon) and the density generated from 1000 independent controlled forward trajectories employing the estimated control dynamics u(x, t),
q̂t(x) (yellow).
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FIG. S-8. Deterministic trajectories of forward probability flow ϱt(x) and statistics of reverse time sampled constrained flow qt(x)
for a path constrained system. (a.) Transient mean (solid maroon line) and standard deviation (dashed maroon lines) of the time reversed
probability flow qt(x), and deterministic trajectories of the forward flow (grey lines). (b.) Complete agreement of mean µ (solid lines)
and standard deviation σ (dashed lines) between the time-reversed controlled density qt(x) (maroon) and the density generated from 1000
independent controlled forward trajectories employing the estimated control dynamics u(x, t), q̂t(x) (yellow).
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FIG. S-9. Scaling of employed control energy and terminal error with particle number for deterministic particle control (DPF)
and path integral cross entropy method (PICE) for the terminally constrained system. Inducing point number M = 50 (magenta) and
M = 100 (green).
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FIG. S-10. Transient statistics of controlled densities over 1000 trajectories controlled with our method (magenta) and with the path
integral cross entropy framework (grey) for increasing noise strength.
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